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ABSTRACT 
This paper d i scusses  t h e  problem of remote probing and d i agnos t i c s  
of an inhomogeneous medium whose p r o p e r t i e s  vary along a s i n g l e  dimen- 
s i o n  only. The medium i s  descr ibed  i n  terms of a set of unknown param- 
e t e r s  t h a t  a r e  determined via parameter op t imiza t ion  techniques.  These 
techniques a d j u s t  t h e  t r i a l  parameters desc r ib ing  t h e  medium such t h a t  





The author wishes t o  thank D r .  R. M i t t r a  fox h i s  supervis ion  i n  t h e  
prepara t ion  of t h i s  t h e s i s .  The research  was sponsored by t h e  National  
Aeronautics and Space Administration under Grant No. NASA-NGR 14-005-009. 
TABLE OF CONTENTS 
Page 
.................................................. 1 . INTRODUCTION 1 
2 . INVERSION OF STRATIFIED INHOMOGENEOUS MEDIA ................... 2 
....................... . 3 INVERSION OF CONTINUOUSLY VARYING MEDIA 12 
..... ............... 4 . INVERSION OF CIRCULARLY STRATIFIED MEDIA ,. 37 
BIBLIOGRAPHY ...................................................... 45 
APPENDICES ......... ,.. ....... ., .............................. 46 
LIST OF TABLES 
Table Page 
Numerical Resul t s  f o r  a S ingle  Layered D i e l e c t r i c  S l ab . , . . . .  8 
Numerical Resul t s  f o r  a Two- ayer red D i e l e c t r i c  S lab ,  . . . . . . . . 8 
Numerical Resul t s  f o r  a Three-Layered D i e l e c t r i c  S l ab . . . . . . .  8 
Comparison of Given Ref lec t ion  Coeff ic ien t  Data wi th  
Those Obtained by Using t h e  Numerically Determined 
D i e l e c t r i c  Constant Parameters of t h e  Three-Layered Medium,. 11 
Comparison of-  t h e  Sca t t e r ed  E l e c t r i c  and Magnetic F i e ld  
Amplitudes f o r  t h e  Exact and Inver ted  P r o f i l e s .  kg = I...,, 23 
Comparison of t h e  Sca t t e r ed  E l e c t r i c  and Magnetic F i e l d  
Amplitudes f o r  t h e  Exact and Inver ted  P r o f i l e s  Adding 
Random Noise t o  Simulated Data. - ko - ...................... 25 
Comparison of  t h e  Sca t t e r ed  E l e c t r i c  and Magnetic F i e l d  
Amplitudes f o r  t h e  Exact and Inverted P r o f i l e s .  ko = l...., 28 
Comparison of t h e  Sca t t e r ed  E l e c t r i c  and Magnetic F i e l d  
Amplitudes f o r  t h e  Exact and Inver ted  P r o f i l e s ,  ko = l..,.. 31 
Comparison of t h e  Sca t t e r ed  E l e c t r i c  and Magnetic ~ i e l d  
Amplitudes f o r  t h e  Exact and Inver ted  P r o f i l e s .  ko = 1 , 0 . , .  34 
Comparison of t h e  Sca t t e r ed  E l e c t r i c  and Magnetic F i e l d  
Amplitudes f o r  t h e  Exact and Inver ted  P r o f i l e s .  ko = 1 . 0 . , ,  36 
Relevant Data Corresponding t o  t h e  One-Layered D i e l e c t r i c  
Cylinder ~ ~ . . ~ ~ . ~ e . e ~ ~ e ~ ~ ~ ~ I I I ~ D D ~ ~ C O ~ O O e e  4k 
Comparison of t h e  Exact and Numerically Obtained Re la t ive  
D i e l e c t r i c  Constants of t h e  Two-Layered D i e l e c t r i c  Cylinder ,  4 4  
LIST OF FIGURES 
Figure Page 
1 A s t r a t i f i e d  medium c o n s i s t i n g  of M-1 homogeneous l a y e r s  
terminated by a p e r f e c t  c o n d u ~ t o r . . . . , . ~ ~ . . ~  O . o e O a . ~ e a  C a e e  e e  3 
2 One-layered d i e l e c t r i c  s l a b  terminated by a p e r f e c t  
~ ~ n d ~ ~ t o r ~ . . . . ~ . . ~ . . ~ . . ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ . ~ ~ . . .  9 
3 Two-layered d i e l e c t r i c  s l a b  terminated by a p e r f e c t  
conductor.....~,..........~................................. 9 
4 Three-layered d i e l e c t r i c  s l a b  terminated by a p e r f e c t  
conductor . e s . o e . O ~ . e . . . e e e e ~ a e ~ e e e e B B B e e  9 
5 Wave i n c i d e n t  a t  an  angle  8 on a cont inuously varying 
nonuniform medium terminated by a p e r f e c t  conductor . . . . . . . . .  14 
2 6 P r o f i l e  of  d i e l e c t r i c  cons tan t  k (z)  = e2' f o r  a s l a b  
terminated by a p e r f e c t  conductor at z = 1. Conjugate 
g rad ien t s  m e t h ~ d , . . . . . . ~ . . . . . ~ ~ ~ . ~ . ~ ~ ~ . ~ ~ ~ . ~ ~ ~ ~ ~ ~ ~  21 
2 7 P r o f i l e  of d i e l e c t r i c  cons tan t  k (z)  = eZZ f o r  a s l a b  
terminated by a p e r f e c t  conductor a t  z = 1. Rosenbrock's 
m e t h o d . O C o . . . . . . . ~ . . ~ o ~ ~ ~ e ~ ~ . ~ ~ ~ ~ O e . ~ ~ ~ ~ . . e  22 
2 8 P r o f i l e  of d i e l e c t r i c  cons tan t  k (z )  = e2' f o r  a s l a b  
terminated by a p e r f e c t  conductor a t  z = 1. Random 
n o i s e  was added t o  the  s imulated data,,...e.....e...BBBee.ee 24 
2 9 P r o f i l e  of d i e l e c t r i c  cons tan t  k (z)  = eo5' f o r  a s l a b  
terminated by a p e r f e c t  conductor at z = 1. Conjugate 
g r a d i e n t s  m e t h o d . . . , . , e o . . . . e I ) I ) o D D e 8 8 0 ~ ~ ~ ~ e e ~ , ~ . ~ ~ o e  26 
2 10  P r o f i l e  of d i e l e c t r i c  cons tan t  k ( z )  = eo5'  f o r  a s l a b  
terminated by a p e r f e c t  conductor at z = 1. ~ o s e n b r o c k ' s  
m e t h o d o l o . . . . . O . . . . . . O ~ o o e o e o e . e \ . e . ~ ~ e e ~ . . o e o .  27 
2 11 P r o f i l e  of d i e l e c t r i c  cons tan t  k (z )  = 1 + .5z f o r  a s l a b  
terminated by a p e r f e c t  conductor a t  z = 1. Conjugate 
g rad ien t s  m e t h o d . . , . . . . . . . o . . ~ ~ ~ . o e o ~ . ~ ~ ~ . . O O O . . ~ ~ e e  29 
2 12 P r o f i l e  of d i e l e c t r i c  cons tan t  k (z) = 1 + ,5z f o r  a s l a b  
te rmina ted  by a p e r f e c t  conductor a t  z = 1. ~ o s e n b r o c k ' s  
m e t h o d . B ~ . . . . . . O C . . D D D ( I ~ ~ ~ B B e c c c e e . e ~ d . ~ e . e . . . o .  30 
2 13 P r o f i l e  of  d i e l e c t r i c  cons tan t  k (z) = 1 + z s i n . 2 n z  f o r  
a s l a b  te rmina ted  by a p e r f e c t  conductor a t  z = 1. Con- 
juga te  g rad ien t s  m e t h o d . . . . . o . . . . . . . ~ ~ ~ ~ ~ ~ e ( I ( I e e o C o . a e ~ ~ a e o  32 
v i i  
Figure Page 
2 14 P r o f i l e  of d i e l e c t r i c  constant  k (2) = 1 + z s i n  27rz f o r  
a s l a b  terminated by a pe r fec t  conductor at z = 1. Rosen- 
brock's  33 
2 15 P r o f i l e  of d i e l e c t r i c  constant  k (2)  = 1 -t s i n  nz f o r  
a s l a b  terminated by a pe r fec t  conductor at z = 1, Con- 
jugate  g rad ien t s  m e t h o d . . . . . . . . , . . . . o e . O D ~ O O s O ~ O ~ O O ~ O ~ e e e  35 
16 A plane wave inc iden t  upon a uniform d i e l e c t r i c  cyl inder . , . .  38 
17 A plane wave inc iden t  upon a two-layered d i e l e c t r i c  
cyl inder  . . . . . . . . . . . e . ~ , O O ~ e O ~ O O O . O O ~ o ~ O O . . o ,  38 
I. INTRODUCTION 
I n  t h i s  paper  we a r e  concerned wi th  the problem of remote probing 
and d i agnos t i c s  of an inhomogeneous medium whose p r o p e r t i e s  vary as a 
func t ion  of a s i n g l e  dimension only. The problem is  posed as fol lows:  
given the  s c a t t e r i n g  p r o p e r t i e s  of t he  medium, f i n d  t h e  func t ion  t h a t  
desc r ibes  the  nonuniform n a t u r e  of t h i s  medium, The approach t o  be taken 
f o r  a t t a c k i n g  t h e  above problem begins by c h a r a c t e r i z i n g  the  medium i n  
terms of a s e t  of parameters ,  a s  y e t  unknown, Next, a search  f o r  t h e s e  
parameters i s  c a r r i e d  out  u n t i l  t he  response of t he  t r ia l  medium ag rees  
c lo se ly ,  w i th in  a c e r t a i n  t o l e rance ,  wi th  the  measured response of t h e  
a c t u a l  medium. The search  procedure i s  essent ia1 , ly  based on a parameter 
op t imiza t ion  approach which minimizes t h e  norm of t h e  d i f f e r e n c e  between 
t h e  measured response and the  response of t h e  t r ia l  medium. 
Chapter 2 cons iders  t h e  case i n  which t h e  medium is  cha rac t e r i zed  
by p lane ,  homogeneous, s t r a t i f i e d  l a y e r s ,  Chapter 3 s t u d i e s  t h e  more gen- 
e r a l  case  where t h e  medium is  cont inuously nonuniform. F i n a l l y ,  Chap- 
t e r  4 d e a l s  wi th  c i r c u l a r l y  s t r a t i f i e d  media w i th  azimuthal  symmetry, 
Numerical c a l c u l a t i o n s  a r e  c a r r i e d  out  f o r  each of t hese  t h r e e  d i f f e r e n t  
types of media and t h e  t r i a l  media der ived  by t h e  parameter search  method 
a r e  compared wi th  t h e  a c t u a l  media i n  o rde r  t o  e x h i b i t  t h e  degree of 
success  achieved v i a  t he  parameter op t imiza t ion  procedure. 
2. INVERSION OF STRATIFIED INHOMOGENEOUS MEDIA 
Consider a  s t r a t i f i e d  medium composed of M l a y e r s  cha rac t e r i zed  by 
d i e l e c t r i c  cons t an t s  E I$  E 2 >  9 EM. Assume t h a t  t h e  permeabi l i ty  of 
t h e  medium is i d e n t i c a l  t o  t h a t  of f r e e  space and t h a t  t h e  l o s s e s  i n  t h e  
medium a r e  n e g l i g i b l e .  The problem a t  hand is t o  determine t h e  charac- 
t e r i s t i c s  of such a medium by analyzing t h e  p lane  wave s c a t t e r i n g  prop- 
e r t i e s  of t h e  medium. I n  o rde r  t h a t  we may work wi th  t h e  r e f l e c t e d  wave 
a lone ,  we cons ider  t h e  case  where t h e  (M-1) l a y e r  is  terminated by a per- 
f e c t l y  conducting p lane .  The i n c i d e n t  p lane  wave t h a t  is employed t o  
probe t h e  medium i s  i n  gene ra l  ob l ique ,  making an  angle  8 wi th  t h e  z  
a x i s ,  t h e  a x i s  a long  which t h e  medium is s t r a t i f i e d  ( s e e  F igure  1 ) .  The 
e l e c t r i c  f i e l d  i n  t h e  i n c i d e n t  wave is  assumed t o  be  po la r i zed  e n t i r e l y  
i n  t h e  y d i r e c t i o n ,  i . e . ,  perpendicular  t o  t h e  p lane  of incidence.  From 
t h e  geometry of t h e  problem, i t  i s  ev ident  t h a t  t h e  e l e c t r i c  f i e l d  i n  
t h e  r e f l e c t e d  wave a l s o  conta ins  t h e  E component only.  
Y 
We in t roduce  a performance index F v i a  t h e  equat ion  
where p g  and p a r e  r e f l e c t i o n  c o e f f i c i e n t s  of t h e  a c t u a l  and t r ia l  media, i i 
respec t ive ly ,  o is t h e  angular  frequency, K ~ ' S  a r e  t h e  r e l a t i v e  d i e l ec -  
m 
t r i c  cons tan ts  of t h e  a c t u a l  medium, and K ' S  a r e  t h e  corresponding con- 
m 
s t a n t s  of t h e  t r ia l  medium. The func t ion  F is then  minimized (us ing  one 
of t h e  a v a i l a b l e  numerical procedures) by varying t h e  t r ia l  parameters K 
m" 
The e n t i r e  s tudy  i s  c a r r i e d  out  on t h e  computer; a l s o ,  i t  i s  found 
convenient t o  c a l c u l a t e  t h e  response of the  a c t u a l  medium on t h e  computer 
r a t h e r  than  f i n d i n g  i t  from experimental  measurements, It is  t h e r e f o r e  
PERFECTLY CONDUCTING M 
PLANE 
Figure 1. A stratified medium consisting of M-1 homogeneous layers 
terminated by a perfect conductor. 
p e r t i n e n t  a t  t h i s  po in t  t o  d i scuss  t h e  method by which t h e  response s f  
a  s t r a t i f i e d  medium can be c a l c u l a t e d  f o r  a s p e c i f i e d  s e t  of va lues  f o r  
K and h  . 
m m 
By usua l  procedures ,  we can show t h a t  E t he  y component of t h e  
my' 
e l e c t r i c  f i e l d  i n  t h e  nth l a y e r ,  s a t i s f i e s  t h e  wave equat ion  
where 
It i s  assumed t h a t  a = 0 and v = pO,  m = 1, .,,, M-1, and K~ i s  the  
m m 
r e l a t i v e  d i e l e c t r i c  cons tan t  of t h e  mth l a y e r .  
The problem 05 i n v e r t i n g  t h e  medium from t h e  knowledge of t h e  E 
and H f i e l d s  at  t h e  s u r f a c e  z = 0 is  approached a s  fol lows.  S t a r t  w i th  
a s e t  o f  t r i a l  parameters K (=E /E  ) and h  t h e  r e l a t i v e  d i e l e c t r i c  
m m O  m ' 
cons t a r ,  and t h e  depth of t h e  mth l a y e r ,  f o r  m = 0, . . . , M-1, and so lve  
f o r  t h e  e l e c t r i c  and magnetic f i e l d s  at z = 0,  The d i f f e r e n c e  between 
t h e  responses of t he  t r i a l  and t h e  a c t u a l  medium i s  used as a measure 
of accuracy w i t h i n  which the  t r ia l  parameters agree wi th  those  of t h e  
a c t u a l  medium. The determinat ion of K. and hm i s  c a r r i e d  out  numerical ly  
m 
us ing  a parameter op t imiza t ion  scheme, 
The gene ra l  s o l u t i o n  of (2 )  is  of the  form 1 
where 
2 2 2 8 = - jyos in  8 and u = B + ym. 
m 
The corresponding H i s  der ived  from 
mx 
The r e f l e c t i o n  c o e f f i c i e n t  at t h e  mth i n t e r f a c e  may be  def ined  as 
and, i n  p a r t i c u l a r ,  at t h e  i n t e r f a c e  z = 0 ,  
u  
m 
where N = - and Y i s  t h e  admittance looking i n t o  the  mth l a y e r .  
m juow m 
For t h e  s p e c i a l  case  of normal incidence,  i .e . ,  0 = 0,  B = 0 ,  we have 
N = -  I . Here, '7 i s  t h e  c h a r a c t e r i s t i c  impedance of t h e  medium given 
Om 
m 
112 by \ = 
6 
Now, imposing t h e  condi t ion  t h a t  t h e  e l e c t r i c  f i e l d  is zero  on t h e  
p e r f e c t  conductor,  i t  fol lows t h a t  BM = --AM" Also, from the  c o n t i n u i t y  
condi t ions  a t  t h e  i n t e r f a c e  z = 0 ,  1, ... , M-1, we ge t  
We have 2(M-1) l i n e a r  homogeneous equat ions  f o r  A and B i n  terms of 
m m 
t he  known c o e f f i c i e n t  Ao. Using t h e s e  r e s u l t s  i n  Equation (5) , we f i n d  
t h a t  t h e  admit tances Ym s a t i s f y  recur rence  r e l a t i o n s  of t h e  form: 
Y +N tanh ulhl 
- 2 1 
'1 - N1 N1+Y2tanh ulhl 
+N t anh  umh, 
Ym = N Y m + ~  m 
m N +Ymtptanh u h 
m m m 
- 
I 
- 1  N~- l  ' tanh 'M- lh~-1  
The r e f l e c t i o n  c o e f f i c i e n t  a t  t h e  i n t e r f a c e  can be found from (4)  once 
Y i s  c a l c u l a t e d  us ing  t h e  expressions above. 1 
The case  of one-,two-,and three- layered  media was considered f o r  t h e  
computer s tudy.  It w a s  assumed t h a t  t h e  depths of t h e s e  l a y e r s  were iden- 
t i c a l  and only t h e  r e l a t i v e  d i e l e c t r i c  cons t an t s  were taken t o  be t h e  
v a r i a b l e  parameters .  
The computation was s t a r t e d  by f i r s t  c a l c u l a t i n g  the  r e f l e c t i o n  
g  g  c o e f f i c i e n t  p (K ) f o r  t he  a c t u a l  medium f o r  50 d i f f e r e n t  va lues  of f r e -  
m 
7 va r i ed  from 1 t o  2 i n  increments s f  quency w such t h a t  ki = wi U ~ E ~  i 
.02, The r e f l e c t i o n  c o e f f i c i e n t  w a s  c a l c u l a t e d  f o r  a f i x e d  angle  of  i n c i -  
dence 8 = 45' .  The computed va lues  of p: were considered as s imula t ions  
of t h e  measured da t a ,  A s  ind ica ted .  -earlier, t h e  pe r f  ormance index was 
def ined  as 
where K 'S were the  t r i a l  va lues  of d i e l e c t r i c  cons t an t s  and were regarded 
m 
he re  as t h e  opt imiza t ion  parameters .  It is  obvious t h a t  i f  K~ = K then 
m m ' 
F = 0,  s o  a success  c r i t e r i o n  would be t o  minimize F t o  a va lue  a s  c l o s e  
t o  zero as p o s s i b l e ,  The minimization scheme used i n  t h i s  s e c t i o n  i s  due 
t o  ~osenbrock .?  (See Appendix A f o r  more d e t a i l ) .  I n  t h i s  technique,  t h e  
useir provides i n  the  main program a s e t  of s t a r t i n g  p o i n t s  wi th  each p o i n t  
belonging t o  a s p e c i f i e d  i n t e r v a l ,  These s t a r t i n g  p o i n t s  a r e  taken t o  
be t h e  i n i t i a l  t r i a l  va lues  of t h e  unknown c h a r a c t e r i s t i c s ,  The main 
program c a l l s  f o r  a  sub rou t ine  which c a l c u l a t e s  t h e  r e f l e c t i o n  c o e f f i c i e n t  
a s  a  func t ion  of t h e s e  t r ial  va lues .  The performance index F is c a l c u l a t e d  
and i t s  va lue  recorded. Through a search  a lgor i thm,  t h e  main program 
tries t o  f i n d - t r i a l  va lues  of unknown c h a r a c t e r i s t i c s  i n  t h e  s p e c i f i e d  
i n t e r v a l s  such t h a t  F i s  minimized. 
Some of t h e  numerical r e s u l t s  a r e  presented  i n  t h e  fol lowing t a b l e .  
The geometries f o r  which t h e  computations were c a r r i e d  out  a r e  shown i n  
Figures  2 ,  3,  and 4. 
8 
Table 1. Numerical Resu l t s  f o r  a S ingle  Layered D i e l e c t r i c  Slab 
I 
Table 2 .  Numerical Resu l t s  f o r  a  Two-Layered D i e l e c t r i c  Slab 
Table 3,  Numerical Resu l t s  f o r  a Three-Layered D i e l e c t r i c  Slab 
PERFECT ELECTRICAL 
K,  = 1.5 
Figure  2. One-layered d i e l e c t r i c  s l a b  terminated by a p e r f e c t  conductor.  
ERFECT ELECTRICAL 
COWDUCTOR 
Figure 3. Two-layered d i e l e c t r i c  s l a b  terminated by a p e r f e c t  conductor.  
PERFECT ELECTRIC& 
CONDUCTOR 
Figure 4. Three-layered d i e l e c t r i c  s l a b  te rmina ted  by a p e r f e c t  conductor.  
10 
Af t e r  determining t h e  va lues  sf K t h e  r e f l e c t i o n  c o e f f i c i e n t  was 
m ' 
c a l c u l a t e d  from t h e  numerical ly  obta ined  values of K and compared wi th  
m 
t h e  given values of  the  r e f l e c t i o n  c o e f f i c i e n t ,  The comparison i s  i l l u s -  
t r a t e d  i n  Table 4. 
It is  evident  from t h e  above t a b l e  t h a t  t h e  response of  t h e  inve r t ed  
medium agrees  q u i t e  favorably  wi th  t h e  response of t h e  a c t u a l  medium. 
It might be u s e f u l  t o  quote t h e  t ime involved f o r  t h e  de te rmina t ion  of  
parameters  us ing  t h e  ~ o s e n b r o c k ' s  op t imiza t ion  technique.  Typica l ly ,  t h e  
execut ion  time on the  WATFOR compiler of I B M  360 w a s  of t h e  o r d e r  of 10  
seconds f o r  t h e  above cases .  
Table 4. Comparison of Given Reflection Coefficient Data with 
Those Obtained by Using the Numerically Determined 
Dielectric Constant Parameters of the Three-Layered Medium 
3.  INVERSION OF CONTINUOUSLY VARYING MEDIA 
I n  t h i s  chap te r ,  we aga in  cons ider  t h e  problem of remote probing 
i n  an inhomogeneous medium but  f o r  t h e  more genera l  case  where t h e  r e f r a c -  
t i o n  index of t h e  medium v a r i e s  cont inuously a s  a  func t ion  of depth, as 
opposed t o  d i s c r e t e  s t r a t i f i c a t i o n ,  which w a s  discussed i n  t h e  previous 
sec t ion .  The p r o f i l e  of t he  inhomogeneity may be descr ibed  i n  terms 
of a  func t ion  
where o(z)  of t h e  medium i s  assumed t o  be zero .  
Once aga in ,  we w i l l  s imula te  t h e  measured d a t a  by computing the  
s c a t t e r e d  e l e c t r i c  and magnetic f i e l d s  a t  t h e  i n t e r f a c e  z = 0,  f o r  
ob l ique ly  i n c i d e n t  p lane  waves and w i l l  t r y  t o  f i n d  t h e  c h a r a c t e r i s t i c s  
of t he  medium s o  as t o  approximate t h e  s imula ted  d a t a  as c l o s e l y  zs 
poss ib l e .  To in t roduce  t h e  parameters t o  be  opt imized,  we G i l l  char- 
a c t e r i z e  t h e  medium a s  a polynomial of z ,  t he ,dep th  dimension f o r  t h e  
problem, v i z . ,  
The problem then reduces t o  one of opt imizing the  c o e f f i c i e n t s  a i=l, i ' 
. , n This w i l l  be c a r r i e d  ou t  by two d i f f e r e n t  numerical optimiza- 
t i o n  schemes, one of which is  Rosenbrock's technique d iscussed  i n  Chap- 
t e r  2,  and t h e  o t h e r  i s  the  conjugate g rad ien t s  method due t o  F l e t c h e r  
and ~ e e v e a ~ .  ( s ee  Appendix B f o r  more d e t a i l . )  The b a s i c  d i f f e r e n c e  
between these  two mothods is  t h a t  Rosenbrock's technique r e q u i r e s  only 
t h e  knowledge of t h e  performance index func t ion  F wi th  r e spec t  t o  t h e  
opt imizing parameters,  whi le  t h e  conjugate  g rad ien t s  method r e q u i r e s  t h e  
knowledge of both t h e  func t ion  F and i t s  d e r i v a t i v e s  wi th  r e spec t  t o  t h e  
opt imizing parameters.  Both methods accemodate  a r b i t r a r y  s t a r t i n g  va lues  
f o r  a , .  
1 
Figure  5 i l l u s t r a t e s  t h e  geometry of t h e  problem which shows a p l ane  
wave i n c i d e n t  a t  an obl ique  angle  8 on a nonuniform d i e l e c t r i c  wi th  t h e  
d i e l e c t r i c  cons tan t  vary ing  only i n  t h e  z  d i r e c t i o n .  The d i e l e c t r i c  
medium i s  terminated a t  z = 1 by a p e r f e c t  conductor,  
Once again,  as i n  t h e  previous pxoblem, we c a l c u l a t e  t h e  s c a t t e r e d  
Z 
wave amplitudes f o r  a s p e c i f i e d  k ( z ) ,  and, using t h i s  information as s i m -  
u l a t e d  measured-data ,  we t r y  t o  i n v e r t  t h e  medium by a d j u s t i n g  the  param- 
2 
e t e r s  desc r ib ing  k ( z )  i n  terms of t h e  polynomial such t h a t  t h e  response 
of t h e  t r ial  medium agrees  c l o s e l y  wi th  t h a t  of t h e  s imulated da ta .  It 
t h e r e f o r e  b r ings  us t o  t he  task of computing t h e  r e f l e c t i o n  c o e f f i c i e n t  
o r  s c a t t e r e d  wave amplitudes due t o  a plane wave ob l ique ly  i n c i d e n t  on 
a nonuniform medium. We d i scuss  t h e  s o l u t i o n  of t h i s  problem as fo l lows .  
We may w r i t e  t he  E of t h e  f r e e  space i n  terms of t h e  s tandard  repre-  
Y 
s e n t  at i o n  1 
where B = k 0 s i n  8 ,  u  0 = (B2-k;)'" = j k  0 cos 6 ,  ko = ("0'0w2)1'2, and 
p(B) is  t h e  r e f l e c t i o n  c o e f f i c i e n t .  The nonuniform medium has  1-1 0 E ( z ) ,  
as e l e c t r i c a l  cons tan ts  . Thus 
2 2 2 
K (2) = kok (z )  = - j w u o ( j w ~ ( z ) ) .  O < ~ i l  
From Maxwell-s equat ions ,  we have 
--.-- 
- - - - - - - - - - -  
------ ---- 
- s - - - I I _ _ _ -  
Z =  l 
PERFECTLY CONDUCTING 
Figure 5. Wave inc iden t  a t  an angle  8 on a continuously varying nonuniform 
medium terminated by a pe r fec t  conductor. 
Combining t h e  above equat ions ,  we g e t  
where E = 0 at z = 1. 
Y 
An exac t  s o l u t i o n  of t h e  above equat ion  i s  no t  p o s s i b l e  except: f o r  
a very  s p e c i a l  c l a s s  of p r o f i l e s  such as exponent ia l s .  We w i l l  t h e r e f o r e  
so lve  Equation (9) numerical ly  us ing  t h e  ~ u n ~ e - ~ u t t a ~  echnique,  which 
r e q u i r e s  t h e  inve r s ion  of t h e  second-order d i f f e r e n t i a l  equat ion  i n t o  
two coupled f i r s t - o r d e r  equat ions  wi th  given i n i t i a l  va lues ,  This i s  
~ c c o m p l i s h e d  by s e t t i n g  
S u b s t i t u t i n g  G i n -Equa t ion  (9) ,  we ge t  
Equations (10) and (11) can now be solved for  E and G using, the  Runga- 
Y 
Kutta  method i n  conjunct ion wi th  the  boundary condi t ion  t h a t  E e 0 and 
Y 
16 
G = 1 a t  z = I ,  The l a t t e r  cond i t i on  is n o t  r e s t r i c t i v e  i n  t h e  sense  t h a t  
i t  i s  a normalizing condi t ion  which, sets the  amplitude of t h e  i n c i d e n t  
p lane  wave. 
The next  s t e p  w a s  t h e  use of t h i s  a lgor i thm as a sub rou t ine  and t h e  
t ransformat ion  of t h e  inve r s ion  problem i n t o  a parameter op t imiza t ion  
problem. The s t a r t i n g  p o i n t  w a s  t h e  ca lcu la tdon  of t h e  response of a 
known p r o f i l e .  The Runge-Kutta r o u t i n e  was employed f o r  c a l c u l a t i n g  t h e  
2 
amplitudes of s c a t t e r e d  e l e c t r i c  and magnetic f i e l d s  E (9 ,wm,kg(z)), 
g i 
G (8.  ,wm,ki(z)) a t  z = 0 f o r  s e v e r a l  angles  of inc idence  9 and f o r  f r e -  
g 1 i 
2 quencies  w k ( z )  r e f e r s  t o  the  given p r o f i l e .  The above r e s u l t s  were 
m' g 
s t o r e d  i n  an a r r a y  t o  s imula te  t h e  measured da ta .  The n e x t  s t e p  was t h e  
2 
cons ide ra t ion  of a t r i a l  p r o f i l e  k - ( z )  as given by Equation (7) and t h e  
adjustment of t h e  parameters a j = 1, . . . , n 3  desc r ib ing  t h i s  medium j ' 
2 2 
such t h a t  i t s  response E(9. , w  ,k ( z ) )  , G(Bi,wm,k (k ) )  approximated E 
1 m g 
and G , Recal l  t h a t  a . ( j = l ,  ... , n )  a r e  t h e  c o e f f i c i e n t s  of t h e  poly- 
g J 
L 
nomial expansion f o r  k (2) .  
The performance index F was-chosen t o  be 
2 
where k (z)  is, i n  t u r n ,  a func t ion  of a j = 1, . , n a  J ' 
The func t ion  F w a s  nex t  minimized us ing  Rosenbrock's method t o  y i e l d  
2 2 t h e  optimum values  of a . It i s  obvious t h a t  F = 0 i n  t h e  event  k (z)=k (2) .  j g 
The second method, t he  so-ca l led  conjugate g rad ien t s  method due t o  
F l e t c h e r  and Reeves, i s  somewhat more involved a s  compared t o  Rosenbrock's 
scheme, because i t  r e q u i r e s  t h e  eva lua t ion  of grad(F) wi th  r e spec t  t o  
a j = 1, ... , n i n  a d d i t i o n  t o  t h e  func t ion  F i t s e l f .  Since F was ca l -  j ' 
cu la t ed  using numerical va lues  f o r  E and G ob ta ined  from t h e  Runge-Kutta 
method, i t  w a s  necessary  t o  r e s o r t  t o  numerical d i f f e r e n t i a t i o n  schemes 
where grad-  (F) i s  a column vec to r .  
a F  This  w a s  done as fol lows : t o  eva lua t e  -a a j 
aE(al, . . , a . ,  . . . , an) % E(al,. a a.+Aa, . , an)-E(al, a ,ae, ,a ) 
- 
a a % A a j 
aG(ab, ... , a . ,  .. , 
A similar equa t ion  can be w r i t t e n  f o r  an) Since 
both  E(al, .,.. 
a aj 
a j  , . . . , an) and E(al. . . . a .+Aa, . . . , a ) were ca l -  
J n 
(13) grad (F) =-2 





N ' 2 2 a E e I E  (6 ,u,,k (z))-E(Oi,wmsk ( z ) ) ]  - 
i= 1 g i g aal 
2 2 a G 
+ [ G ~ ( @ ~ , w , , ~ ~ ( z ) )  - G(ei,urn.k -
a al 
N 2 2 a E 
1 [Eg(ei'um' kg(z))-E(ei.w,,k ( z ) ) ]  - 
i=l a an 
2 2 a G 
+ [Gg(@i,~,,kg(z))-~(6i,wm,k ( 2 ) )  1 - - 
gradientsmethod, t h e  computer has  t o  go through t h i s  i n t e g r a t i o n  sub- 
rou t ine  n t imes more khan i n  ~ o s e n b r o c k ' s  method f o r  each i t e r a t i o n  s t e p  
i n  t h e  minimization process  of F. This obviously makes the  conjugate  
18  
g rad ien t s  method more time consuming i n  comparison t o  ~ o s e n b r o c k ' s  scheme. 
However, a s  t h e  numerical r e s u l t s  show, t h e  conjugate  grad ien ts -method 
i s  r e l a t i v e l y  s u p e r i o r  i n  terms of t h e  accu rac i e s  ob ta inab le  f o r  t h e  inver -  
s i o n  problem. To i l l u s t r a t e  t h i s  p o i n t ,  t h e  r e s u l t s  of t h e  two methods 
w i l l  be represented  s h o r t l y .  
We s ta r ted  out by choosing n ,  f h e  h ighes t  degree of t he  polynomial, 
t o  be 4. L a t e r  on,an at tempt  was made t o  i n c r e a s e  t h e  accuracy by increas-  
i n g  n from 4 t o  6 .  However, i t  was fouid  t h a t  t h e  r e s u l t s  were n o t  s ig -  
n i f i c a n t l y  a f f e c t e d  by t h i s  change. I n  most cases ,  t he  angular  frequency 
w a s  f i x e d  and only  t h e  inc iden t  angle  Bi w a s  var ied .  0 v a r i e d  from O D  
t o  90' i n  10 degree increments.  We a l s o  i n v e s t i g a t e d  t h e  case  i n  which 
t h e  inc iden t  angle-was h e l d  cons tan t  and t h e  frequency w a s  va r i ed .  How- 
ever ,  t h i s  d i d  n o t  improve t h e  r e s u l t s .  It w a s  a l s o  found t h a t  w i th  
inc reas ing  the  frequency , t h e  accuracy w a s  diminished. The frequency 
t h a t  y i e l d e d  b e s t - r e s u l t s  w a s  found t o  vary i n  t h e  range 
e 5  ) l I 2  <'u < ( - ( -  * ) This f a c t  w a s  demonstrated f o r  p r o f i l e s  
"oE0 "oE0 
which have maxima o r  minima- i n  t h e  range 0 < z < 1. 
We w i l l  now p resen t  some r e s u l t s  f o r  s e v e r a l  d i f f e r e n t  p r o f i l e s  t o  
i l l u s t r a t e  t h e  numerical behavior  of t h e  opt imiza t ion  techniques.  
2 2 2 The f i r s t  p r o f i l e  considered w a s  k (2) = e For t h i s  p a r t i c u l a r  
p r o f i l e ,  an a n a l y t i c a l  s o l u t i o n  is  a v a i l a b l e  and i t  w a s  used t o  a s s e s s  
t h e  accuracy of t h e  Runge-Kutta method, The a n a l y t i c a l  s o l u t i o n  is  
der ived  a s  follows1: 
2 In  gene ra l ,  for k (2) = eYzt  s e t  
where 
2 2 2 2  
n2 = kOsin  0 ( - ) 
Y 
Equation (16) i s  Besse l ' s  equat ion  wi th  t h e  gene ra l  s o l u t i o n  given below: 
E = AJn ( v )  + BNn (v )  . 
For s i m p l i c i t y ,  we s e t  k2 = 1 and y was taken t o  be 2 .  Applying t h e  bound- 0 
a ry  condi tdon 
a t  z = 1, v = e, where e = 2.71828.,, 
20 
The a n a l y t i c a l  s o l u t i o n  is  completed by f i n d i n g  B from (18);  t h e  r e s u l t  
is then used i n  (17) and (19) t o  complete t h e  s o l u t i o n  of E and G .  
dE The va lues  o f  E and G = - obtained by t h e  Runge-Kutta method were dz 
compared w i t h  t h e  a n a l y t i c a l  r e s u l t s  and were found t o  ag ree  up t o  5 s i g -  
2 2 
n i f i c a n t  d i g i t s ,  For t h e  p r o f i l e  e , w e  added 2 t o  10 p e r  cen t  random 
n o i s e  t o  t h e  s imula ted  da t a .  The deduced p r o f i l e  w a s  s a t i s f a c t o r y  as 
shown i n  Figure 8 ,  The r e s u l t s  of t h e  i n t r o d u c t i o n  of  n o i s e  can be  seen  
i n  Table 6. Note t h a t  t h e  accuracy c r i t e r i o n  i n  t h e  Runge Kutta  method 
was set a t  .0001. The p r o f i l e s  considered a r e  as fo l lows:  
2 22. i )  k (z)  = e , 
2 .5z.  i i )  k (z)  = e , 
2 i i i )  k (z)  = 1 + .5z 
2 i v )  k (z )  = 1 + z s i n ( 2 n z ) ;  
2 
V) k (z) = 1 + s i n  (nz) ,  
It i s  ev iden t  from Tables 5,  6 ,  7, 8,  9 ,  and 10  t h a t  t h e  response 
of t h e  i n v e r t e d  medium agrees  q u i t e  w e l l  wi th  t h e  response of t h e  a c t u a l  
22 
medium, Figures  6 and 7, wi th  a p r o f i l e  of e , correspond t o  Table  5 ;  
f i g u r e  8, p r o f i l e  e2' and wi th  n o i s e  in t roduced ,  corresponds t o  Table  6; 
f i g u r e s  9 and 10 ,  p r o f i l e  e+a5z9 correspond t o  Table  7;  f i g u r e s  11 and 12,  
wi th  a p r o f i l e  of 1 + .5z ,  correspond t o  Table  8 ;  f i g u r e s  13 and 14 ,  pro- 
f i l e  1 + z s i n  2nz, correspond t o  Table  9; and f i g u r e  15 ,  p r o f f l e  
1 9  s i n  nz, corresponds t o  Table  10. 
- _ _ _  - EXACT PROFILE @ 22 
I PROFILE DEDUCED BY 
T M  CONJUOATE ORADIENTS METHOD 
2 
Figure 6. P r o f i l e  of d i e l e c t r i c  cons tan t  k ( z )  = e2' f o r  a s l a b  terminated 
by a p e r f e c t  conductor a t  z = 1. Conjugate g rad ien t s  method. 
- - - -  EXACT PROnLE = C' ' 
PROFILE DIEOWED bV 
R O S E N ~ C K ' S  M E T H O D  I 
I 
i 
2 Figure 7. P r o f i l e  of d i e l e c t r i c  cons tan t  k (z )  = eZZ f o r  a s l a b  terminated 
by a p e r f e c t  conductor a t  z = I. ~ o s e n b r o c k ' s  method. 
T a b l e  5 
Comparison of t h e  S c a t t e r e d  E l e c t r i c  and Magnetic F i e l d  Amplitudes 
f o r  t h e  Exac t  and I n v e r t e d  P r o f i l e s .  kg - 1, 
EXACT PROFILE E @ 
PROFILE DEDUCED BY CONJUGATE 
BWADIEWTS METHOD 
f 
2 Figure 8. P r o f i l e  of d i e l e c t r i c  constant  k (z)  = e2' f o r  a s l a b  terminated 
by a p e r f e c t  conductor a t  z = 1. Random no ise  was added t o  t h e  
simulated data. 
Table 6 
Comparison of the Scattered Electric and Magnetic Field Amplitudes 
for the Exact and Inverted Profiles Adding Random Noise 
to Simulated Data. kg = 1. 

- 
PlSOFlLE DEDUCED BY 
ROSEN K" METHOD 
2 Figure 10. Prof i l e  of d i e l e c t r i c  constant k (z) = ew5' f o r  a s l ab  terminated 
by a perfect  conductor at  z = 1. ~osenbrock ' s  method. 
Table 7 
Comparison of t h e  Sca t t e r ed  E l e c t r i c  and Magnetic F i e l d  Amplitudes 
f o r  t he  Exact and Inver ted  P r o f i l e s .  kg = 1, 
2 3.. 52 Exact P r o f i l e  k (2) = e 
Inve r t ed  




us ing  FORTRAN 
Compiler 
Rosenbrock' e Method- 
2 k (2) = 1.0 + ,5912 
- .082z 3 
F = .67 x 
113.93 sec .  
Conjugate Gradien ts  Methdd 
2 2 k (2) = 1 + .495z + . I342 + .337z3 
+ .557z4 - ~ 6 2 2 ~  - -16% 6 


Table  8 
Comparison of t h e  S c a t t e r e d  E l e c t r i c  and Magnetic F i e l d  Amplitudes 
f o r  t h e  Exact and I n v e r t e d  P r o f i l e s .  =: 1, 





Comparison of t h e  Sca t t e r ed  E l e c t r i c  and Magnetic F i e ld  Amplitudes 
f o r  t h e  Exact and Inver ted  P r o f i l e s .  k0 = 1: 0. 
2 Exact P r o f i l e  k (2) = 1, + z s i n  2 ~ 2  
--- EXACT PROFILE = I. + Sin TT z 
- PROFILE DEDUCED BY 
CONJUGATE GRADIENTS METHOD 
2 Figure 15. P r o f i l e  of d i e l e c t r i c  constant  k (2) = 1 + s i n  nz f o r  a s l a b  
terminated by a perfec t  conductor at z = 1. Conjugate gradients  
method. 
Table 10 
Comparison of t h e  Sca t t e r ed  E l e c t r i c  and Magnetic F i e ld  Amplitudes 
f o r  t h e  Exact and Inver ted  P r o f i l e s .  ko = 1 - 0 -  
Exact P r o f i l e  = 1 4- s i n  ITZ 
4. INVERSION OF CIRCULA.RLY STRATIFIED MEDIA 
The problem i n  t h i s  chapter  i s  b a s i c a l l y  t h e  same as the problem 
encountered i n  Chapters 2 and 3 ,  except  t h a t  a d i f f e r e n t  model i s  consid- 
e red .  Here aga in ,  we a r e  concerned about t h e  p o s s i b i l i t y  of determining 
t h e  c h a r a c t e r i s t i c s  of a medium having some knowledge about t h e  s c a t t e r e d  
p r o p e r t i e s  of t h e  s t r u c t u r e .  The procedure used i s  e x a c t l y  t h a t  of Chap- 
t e r s  2 and 3 and w i l l  no t  be  repea ted  h e r e ,  
Our model i s  a l aye red  d i e l e c t r i c  cy l inde r  i l l umina ted  by a p lane  
wave. Only one- and two-layered d i e l e c t r i c  cy l inde r s  a s  shown i n  Figures  
16 and 17 were considered.  To s imu la t e  t h e  requi red  i n i t i a l  d a t a ,  t h e  
problem was formulated a n a l y t i c a l l y  f o r  some known parameters i n s t e a d  
of t h e  unknown c h a r a c t e r i s  t i c s  of ' the medium. The Four i e r  c o e f f i c i e n t s  
of t h e  s c a t t e r e d  f i e l d  were taken as t h e  i n i t i a l  d a t a  f o r  s i m p l i c i t y ,  
Once again;  w e  would at tempt  t o  determine t h e s e  known parameters by the  
numerical  op t imiza t ion  techniques.  
W e  proceed by formulat ing t h e  problem of a z po la r i zed  TM wave inc i -  
dent  on a one-layered d i e l e c t r i c  c y l i n d e r  (F igure  16) w i th  e l e c t r i c a l  
cons t an t s  sd, jl , and o = 0. The inc iden t  wave can be  w r i t t e n  as 3 
0 
i -jkx -jkp cos $I 2 EZ = Eoe = Eoe k = Y E W  2 0 0 
which can be expressed i n  terms of c y l i n d r i c a l  waves 
wi th  A t o  be determined, Mult iply each s i d e  by e 
n 
-jmp and i n t e g r a t e  from 
Figure 16. A plane wave inc ident  upon a uniform d i e l e c t r i c  cyl inder .  
Figure 17. A plane wave inc iden t  upon a two-layered d i e l e c t r i c  cyl inder.  
-m 0 to 2~i on 4 .  This gives Am = j 3 So 
To represent the outward traveling.wave, the scattered field must 
be of the form 
where H(2)(kp) is the Hankel function of the second kind 
n 
00' 
Ein = Eo j-"cn~,(kdp)e jn@ k:=Evu 
d 0 p > a .  Z - 
-m 
a and C 'are,in genkral, complex constants. .For the boundary'conditions, 
n n 
we have 
H0 = Hin at p = a + + 
0 in 
EZ = E Z  at p = a 
aEZ A 




'0 = L [J~(ka)+a~H;(~) (ka) 1 = - 
- k n=-m kd z CnJ;(kda) n=-co 
which yields 
Eliminating Cn from (20) and (21), we get 
-Jn(ka) sdJ;(kda) /c0kdJn(k,a)-J;(ka) /ka J (ka) 
a = I. n I (22) 
" H(2) n (ka) edJ;(kda) /~~k~~,(k,a)-H~*) (ka) /ka HC2) (ka) 
as the Fourier coefficients of the scattered field. 
We now proceed t o  eva lua t e  t h e  Four i e r  c o e f f i c i e n t s  of an i n c i d e n t  
p lane  wave upon a two-layered d i e l e c t r i c  c y l i n d e r  w i th  inne r  r ad ius  b and 
e l e c t r i c a l  cons t an t s  E h' '0' o = 0 ,  o u t e r  r ad ius  a and E d ,  iiO, 0 = 0 as 
e l e c t r i c a l  cons tan ts .  We have divided t h e  e n t i r e  reg ion  i n t o  t h r e e  p a r t s  
a s  shown i n  Figure 17. 
The express ions  f o r  t h e  waves- in d i f f e r e n t  reg ions  a r e  as fol lows:  
w 
i -jkp cos @ 
= E~ i j - n ~ n ( k p )  e jnm, k2 = li E @ 2 EZ = Eoe 
n=-w 0 0 
i 
where EZ is  t h e  i n c i d e n t  wave. The s c a t t e r e d  f i e l d  i s  
where E (1) , EZ (2) , and EZ (3) a r e  f i e l d s  i n  reg ions  1, 2, and 3. 
Z 
W e  have f o u r  coef f ic ien ts - -a  
n'  'n' 
Dn, and Fn--to be determined; 
t hus ,  we need f o u r  boundary condi t ions  a s  fol lows:  
2EZ Note t h a t  H = % , 9 = j o ~ ,  
k 
-. 
Following t h e  procedure used f o r  t h e  one-layered case ,  we de r ive  




H ( ~ )  (kda) ] Jn(ka)  [JA(kda)- H:~) ' (kda) 1- ~~k JA(ka) [ J (kda)- ~i , 
a = t- 
n ~k 
H ( ~ )  ' (kda) 1 H(2) (kda) ] -Hi2) (ka) [ ~ A ( k ~ a ) -  ji O H ( 2 )  ' (ka) [Jn(kda)- ~i 
sdk n 
where 
For t h e  case  of t h e  one-layered d i e l e c t r i c  cy l inde r ,  t h e  perform- 
ance index func t ion  was taken t o  be  t h e  norm of t h e  d i f f e r e n c e  of two 
summations (squared) summed over  d i f f e r e n t  s c a t t e r e d  angles ,  mm. 
where K i s  t h e  r e l a t i v e  d i e l e c t r i c  cons tan t  of t h e  l a y e r  
'd = '€0 
The s u p e r s c r i p t  g i n d i c a t e s  t he  given o r  known va lues .  
4 3 
It was numerical ly  shown t h a t  we only need t o  vary t h e  index n i n  
Equation (31) from -7 t o  +7 t o  determine an wi th  s u f f i c i e n t  -accuracy, 
~ o s e n b r o c k ' s  op t imiza t ion  technique (See Appendix A f o r  more d e r a i l )  
was used t o  minimize F wi th  r e spec t  t o  t h e  opt imizing parameter K .  4 
v a r i e d  from 0 t o  90 degrees i n  2' increments.  The r e s u l t s  a r e  summarized 
i n  Table 11, 
For t h e  case  of t h e  two-layered d i e l e c t r i c  c y l i n d e r ,  we were faced 
wi th  excess ive  computer t ime,  To economize on t h e  computer t ime, t h e  
performance index F was taken t o  be  
where E = K ~ E ~  and E d = K 2 E ~ c  Equation (32) v a r i e s  from (31) only 
because 41 i s  taken t o  be zero i n s t e a d  of varying i t  from 0' t o  90"- 
m 
Also, n is  taken t o  vary from -6 t o  i-6 without  any l o s s  of  s i g n i f i c a n t  
accuracy. 
~ o s e n b r o c k ' s  op t imiza t ion  technique was used he re ,  and some of t h e  
r e s u l t s  axe summarized i n  Table 12 ,  
Table 11 
Relevant Data Corresponding t o  t h e  One-Layered D i e l e c t r i c  Cylinder 
(numerical ly  obta ined)  
30' -.92928 
60" -;77833 
Execution time = 11.58 sec .  
Table 12  
Comparison of t h e  Exact and Numerically Obtained Re la t ive  
D i e l e c t r i c  Constants of t h e  Two-Layered D i e l e c t r i c  Cylinder 
Execution Tinle = 112.62 sec .  
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APPENDIX A. ROSENBROCK'S ROTATING COORDINATE SYSTEM METHOD 2 
This  method f i n d s  t h e  g r e a t e s t  o r  l e a s t  va lue  of a func t ion  of sev- 
e r a l  v a r i a b l e s  when t h e  v a r i a b l e s  are r e s t r i c t e d  t o  a given region.  
Given a  func t ion  u(xl,x2, ..., x ) t o  be  minimized, t h e  procedure starts 
n 
wi th  n or thogonal  vec to r s  5  C 2 ,  ".. En o r i g i n a t i n g  from an  a r b i t r a r y  
po in t  and proceeds by searching  along each v e c t o r  5 . The p r i n c i p l e  i 
adopted was t o  t r y  a  s t e p  of a r b i t r a r y  length  e .  I f  t h i s  succeeded, e  
was mul t ip l i ed  by a > 1. I f  i t  f a i l e d ,  e  was m u l t i p l i e d  by -6 where 
0 < 8 < 1, "Success," here,was def ined  t o  mean t h a t  t h e  new va lue  of 
u  was less than o r  equal  t o  t h e  o ld  value.  Each such a t tempt  is  c a l l e d  
a  "trial ." The c r i t e r i o n  chosen w a s  t o  'go on u n t i l  a t  l e a s t  one t r i a l  
had been succes s fu l  i n  each d i r e c t i o n ,  and bne' had f a i l e d .  The s e t  of 
trials made wi th  one s e t  of d i r e c t i o n s  is c a l l e d  a "stage."  
The method chosen f o r  f i nd ing  t h e  new d i r e c t i o n s  of 5  a f t e r  each 
s t a g e  w a s  t h e  fol lowing.  Suppose t h a t  dl is t h e  a l g e b r a i c  sum of a l l  
t h e  succes s fu l  s t e p s  e i n  t h e  d i r e c t i o n  tl, e t c .  Then l e t  1 ' 
Orthogonal u n i t  vec to r s  5  1 1  1 C 2 ,  a a , 5~ a r e  obtained us ing  t h e  Gram- 
Schmidt or thonormalizat ion method, 6 
The search  procedure is  then  repeated using newly def ined  4 vec to r s .  
The procedure cont inues  u n t i l  t h e  d i s t a n c e  d along t h e  4 is sma l l e r  j j 
than a s e l e c t e d  c r i t e r i o n  f o r  a l l  j. 
APPENDIX B. FUNCTION MINIMIZA'GLON BY CONJUGATE GRADIENTS~  
Consider a func t ion  of n  v a r i a b l e s  whose va lue  f ( x )  and g rad ien t  
vec to r  g(x)  can b e  c a l c u l a t e d  a t  any po in t  x .  We assume t h a t  i n  a neigh- 
borhood of t h e  requi red  minimum h ,  t h e  func t ion  may b e  expanded i n  t h e  
form 
1 T f (x) = f (h) + - (x-h) A(x-h) 9 h ighe r  order  terms 2  (1) - 
where A, t h e  mat r ix  of second-order p a r t i a l  d e r i v a t i v e s , i s  symmetric and 
T p o s i t i v e  d e f i n i t e ,  and (x-h) i s  t h e  t ranspose  of (x-h). 
For i t e r a t i v e  methods having q u a d r a t i c  convergence, i t  i s  guaran- 
teed  t h a t  t h e  minimum w i l l  be  l oca t ed  e x a c t l y , a p a r t  from rounding e r r o r s ,  
w i th in  some f i n i t e  number of i t e r a t i o n s .  V i r t u a l l y  a l l  i t e r a t i v e  mini- 
miza t ion  techniques,  .whether q u a d r a t i c a l l y  convergent o r  no t ,  l o c a t e  h 
a s  t h e  l i m i t  of a sequence xo ,  xl, x2,  . " "  ,where wo, i s  an i n i t i a l  
approximation t o  t h e  p o s i t i o n  of t h e  minimum, and ~ q + ~  is  t h e  p o s i t i o n  
of t h e  minimum wi th  r e spec t  t o  v a r i a t i o n s  along t h e  l i n e  through x.. i n  
1 
some s p e c i f i e d  d i r e c t i o n  P  S e t t i n g  g(x  ) = gi f o r  each i in i Xii-l is  
determined from x  by t h e  r e l a t i o n s  i 
where xi, Pi, g .  are a l l  n-vectors and a is a s c a l a r ,  
1 i 
The cond i t i on  f o r  t h e  g rad ien t  t o  vanish i s  seen from Equation (1) 
Ax = b 
b  = Ah. 
49 
Now, i f  t h e  vec to r s  po, pl, ,.. 
' 'n-1 a r e  A-conjugate, they s a t i s f y  
T pi&'j = o f o r  i # j .  (61 
I n  t h e  s o l u t i o n  of Equations (4) and (5), d i r e c t i o n s  po, pl, ... are gen- 
e r a t e d  such t h a t  pi+l i s  a l i n e a r  combinatdon of -gi+l, po, Pl' e e *  Pi 
such t h a t  Equation (6)  is s a t i s f i e d .  A s t r a igh t fo rward  c a l c u l a t i o n  g ives  
t h e  fol lowing gene ra l  minimization algori thm. 
xO = a r b i t r a r y  
Xi+l = p o s i t i o n  of minimum on t h e  l i n e  through x i n  t h e  i 
d i r e c t i o n  p i 
( 7 )  
gi+l = g(xi+l) 
This process  i s  guaranteed t o  l o c a t e  t h e  minimum of any q u a d r a t i c  func- 
t i o n  of n arguments i n  a t  most n i t e r a t i o n s .  For func t ions  which a r e  
no t  quadra t i c , t he  process  is  i t e r a t i v e  r a t h e r  than  n-step and a t e s t  
of convergence i s  requi red .  
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